This paper revisits some solution methods for Black-Scholes equation and some of its nonlinear versions arising in option pricing theory.
Introduction
Modern finance started with Black-Scholes linear partial differential equation [2] , which was obtained under several model restrictions. When some assumptions (e.g. no transaction costs, agents are price takers and there are no feedback effects from the trading activity, the market is perfectly liquid, etc) are relaxed, then the linear Black-Scholes equation needs to be replaced by a nonlinear one. Several models have been proposed to address the case of the price impact effects from large traders (see [8] , [9] and [11] , for example). In [7] many models and methods from this stream of literature are collected. The most comprehensive equation providing the price of a European option in such a framework is of the form:
where V is the price of the European option under study, s is the price of the underlying stock, and r is the risk-free interest rate.
In [1] we proved a comparison principle for these nonlinear PDEs and investigated some properties of the viscosity solutions. The aim of this paper is to focus on the analytical solution method. The approach we follow to get exact solutions for the nonlinear Black-Scholes equation differs from [3] and [4] . Before giving the main result in Section 3, in Section 2 we revisit the Mellin transform approach, which is an alternative solution method that is seldom used in Finance (see [10] ).
Cauchy problem for the linear Black-Scholes equation via the Mellin transformation
Consider the Cauchy problem V (s, T ) = f (s) for the backward degenerate parabolic equation:
where
In the original paper [2] , the Cauchy problem for (1) -with final payoff f (s) = max(s − k, 0)− was transformed into a Cauchy problem for the heat equation Y z = Y xx by changing to variables:
. In this section we follow an alternative method based on the Mellin transform and consider a generic terminal datum f (s). As we know the Mellin transform
In many casesũ(z) is analytic in a strip of the type {z : α < Re z < β}. Under several conditions an inverse formula for (2) is valid, namely
and Γ η = {z ∈ C : Re z = Re η = c}. Details about Mellin transformation, its properties, Mellin pseudodifferential operators can be found in [5] , [6] , [12] . For
Then for the Cauchy problem (1) with V (s, T ) = f (s) one has:
The change τ = T − t, 0 ≤ t ≤ T in the ODE (4) leads to:
Remark 1 The fundamental solutionẼ(z, τ ) of the ODO
∂ ∂τ
According to the inverse formula (3) we have:
Then it is well known [12] that
Therefore, we are looking for a function E(s, t) and such that
By using the fact that the underintegral function is analytic we apply Cauchy integral theorem. Thus, 0 ≤ t ≤ T , 
− r) − ln s, p = −r(T − t). Evidently,
and consider the straight line in C 1 :
We apply Cauchy integral formula to the analytic (entire) function e az 2 +bz+p in the rectangle l 1 : 
−(T −t)r− [(T −t)( σ 2 2 −r)−ln s] 2 2σ 2 T −t)
.
The conclusion is that V (s, t) = Θ(T − t)f (s) * E(s, t) and E(s, t) is given by (9). If in the integral for the convolution f (s) ⊗ E(s, t) we change variables γ = e
−ξ , then we get the formula
dξ for the solution for the Cauchy problem (1).
Solutions into explicit form for several nonlinear variants of the Black-Scholes equation
In this section we construct explicit solutions for the nonlinear modifications of Black-Scholes which are relevant in Finance. We consider the case of a zero risk-free interest rate for simplicity of exposition. Consider the PDE
. Changing to variables:
and look for a solution v depending on the new single variable z only:
is a solution of (11) having that special form. Evidently,
(13) This is the main assumption in the section:
Putting
In the case k = 0 we have
The standard substitution w = v leads to a first order autonomous ODE:
Assume now that k ≥ 2. Making the change v (z) = p(v) ⇒ v = dp dv p and with v as a new independent variable we reduce the order of the ODE to 1, namely
This ODE with k ≥ 2 is a nonautonomous first order ODE with unknown p = p(v). 
ϕ(λ) and the equation (16-k), k ≥ 2 takes the form:
)p + p dp dv a ϕ(k(k − 1)v + (1 − 2k)p + p dp dv ) = 0;
Finally, we recall a comparison principle for the nonlinear Black-Scholes equation
where F ∈ C 2 (R 2 ). We refer to [1] for a proof in a more general setting. 
